
Technical Notes
TECHNICAL NOTES are short manuscripts describing new developments or important results of a preliminary nature. These Notes should not exceed 2500

words (where a figure or table counts as 200 words). Following informal review by the Editors, they may be published within a few months of the date of receipt.

Style requirements are the same as for regular contributions (see inside back cover).

Parallel Simulated Annealing

Using Simplex Method

Ya-Zhong Luo∗ and Guo-Jin Tang†

National University of Defense Technology, 410073

Changsha, People’s Republic of China

DOI: 10.2514/1.16778

Introduction

S IMULATED annealing (SA) algorithm is an iterative
probabilistic algorithm which combines local search with

Monte Carlo techniques [1]. Numerous researchers have
demonstrated that SA is very effective in many optimization
problems. However, the long execution time of SA has been the
major drawback in practice. To improve the performance of SA, one
widely used method is to parallelize SA by dividing a Markov main
chain into subchains on multiple processors, and several
representatively parallel SA using this method have been proposed
[2–6]. Another widely employed method is to hybridize SA with
other local deterministic algorithms [7,8]. The simplex method (SM)
is awell-known deterministic searchmethod proposed byNelder and
Mead [9]. Press et al. [10] proposed an new simplex simulated
annealing algorithm by combing SA with SM. In Press’s new
algorithm, the SM is applied for the generation of a newdesign vector
instead of randomgeneration and this algorithm has been applied in a
number of studies [11–13]. The search procedure of SM is employed
on a simplex consisting of n� 1 vertices for an n-dimensional
optimization problem, so that SM can be regarded as one population-
based algorithm with natural parallelism. Therefore, it would be
highly desirable to parallelize SA using SM. However, few works
have been made on this issue. In this note, an improved edition of
hybrid algorithm combining SA with SM, a parallel simulated
annealing using simplex method (PSASM), is proposed and applied
to structural optimization.

Outline of PSASM

The essence of Press’s algorithm is to introduce the Metropolis
criterion into SM. Other than Press’s algorithm, Kvasnicka and
Pospichal [14], andWang and Zheng [15] proposed different hybrid
algorithms combining SA with SM. Kvasnicka and Pospichal’s [14]
simplex simulated annealing algorithm is similar to Press’s
algorithm, and their parallel version uses a decomposition of the

whole population into disjoint subpopulations, each of which is
equal to one simplex. In Wang and Zheng’s [15] algorithm, the
simulated annealing search is applied on the simplex when a local
solution is obtained by the SM. We proposed herein another new
hybrid algorithm: the PSASM. The outline of the proposed PSASM
algorithm is described as follows:

Step 1) A simplex (including n� 1 design points), and other
parameters such as the initial temperature T0 and the length of
Metropolis sampling Lp are initialized, k� 1.

Step 2) The simplex is evaluated, and the highest, second-highest,
and lowest points are determined.

Step 3) A new simplex is produced by reflection, reflection and
expansion, etc.

Step 4) Simulated annealing search is applied on ith point of the
simplex (to be referred to as xi) at probability P�i; k� [described as
Eq. (1)], i� 1; 2; . . . ; n0.

Step 4.1) make the initial solution for Metropolis sampling at
the current temperature Tk:y

i
l � xi, l� 1;

Step 4.2) produce the tentative solution yil�1 using the neighbor
search function;

Step 4.3) replace yil with yil�1 using Metropolis rule, l� � 1;
Step 4.4) if l > Lp, x

i � yil, go to step 5; otherwise go to
step 4.1;
Step 5: The PSASM is terminated if the stopping condition is

satisfied; otherwise, k� k� 1, Tk is renewed, go to step 2.
The simplex can be regarded as a population including (n� 1)

individuals. The excellent individuals of the simplex can be spread
out using one of the following operations: reflection, expansion, and
contraction, so it is unnecessary to apply simulated annealing search
on all points of the simplex. A preliminary probability strategy is
used to decide how and when simulated annealing search is
employed on a point, which is presented as follows.

Choosen0�n0 � n� 1� points from the simplex at random, the ith
�i� 1; 2; . . . ; n0� point is chosen to employ simulated annealing
search using the following probability function:

P�i; k� � exp��k=Kmax� (1)

where k is the annealing iteration index, and Kmax is the maximum
number of annealing iteration specified by the user in advance.

More details of the PSASM including neighborhood search
function, initial temperature, and cooling scheme are provided in
[16]. To solve an n-dimensional problem, it is necessary to generate
n� 1 points that form the vertices of the simplex. The vertex of the
simplex, which is an initial n-dimensional point, is generated at
random in the design space. The other points are generated according
to Nelder and Mead’s method [9]. A simple stopping condition is
employed for the PSASM.Kmax is chosen as the stopping condition,
if k � Kmax, the PSASM is ended.

It has been shown that the performance of the SA is sensitive to
several tuning parameters includingT0,Kmax, the cooling ratio�, and
the length ofMetropolis samplingLs [14,17,18]. Thus, it is important
to select proper tuning parameters; Kim et al. [18] used the
experimental design method to design the tuning parameters, which
can be further optimized by SM. Comparedwith the SA, the PSASM
is less sensitive to tuning parameters. It was observed that several
criteria should be followed in choosing the proper tuning parameters:
1) as the initial temperature is defined adaptively [16], � 2
�0:90; 0:97	 is always effective; 2) when the PSASM is executed in
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one computer, n0 should be a small number, 2–4 is a proper choice;
3) a simple trial-and-error method is used to select Kmax and Lp.
Relative large numbers of Kmax and Lp are first tested, and the
convergence process of the PSASM is evaluated. If the PSASM is
found to converge earlier,Kmax andLp should be reduced; otherwise,
they should be increased. The process can be completed in several
experiments. Using these criteria, it becomes easy to find proper
tuning parameters quickly. We have demonstrated this issue by the
applications of the PSASM to a set of mathematical problems and a
structural design problem [16], interplanetary low-thrust trajectory
design [19], and rendezvous phasing strategy design problem [20].
However, it needs to be pointed out that this experience-based
method does not guarantee the best tuning parameters to be located,
and it only provides the proper values.

Functional Optimization

In this section, the PSASM is evaluated by two functional
problems. One is a two-dimensional function and the other is
Golinski’s speed reducer problem. Herein, performance is measured
through the best solution obtained by the test algorithms and the
number of function evaluations (NFE) needed to find the global
solution or the best solution.

Test Function 1

A two-dimensional unconstrained function is selected as the first
example:

min f�x� � 1

2
�x21 � x22� � cos�20�x1� cos�20�x2� � 2

� 10< xi < 10

(2)

This function has only two design variables but is nonseparable
and highly multimodal with 40,000 local minima in the range
��10; 10	. The global minimum is located at x
 � �0; 0�T , where the
optimal objective function value f�x
� � 1. This function is tested
with a precision jf�x� � f�x
�j � 0:0001. This function has been
solved by different stochastic optimization algorithms, including
generalized extremal optimization (GEO) [21], region reduction SA
(RRSA) [22], simulated evolution (SE) [23], and guided
evolutionary SA (GESA) [23]. The SA and PSASM are used to
optimize this function, respectively, and 50 runs are executed for
each algorithm. The parameters of the SA areKmax � 300,Ls � 300,
and �� 0:95, and the parameters of the PSAM are Kmax � 300,
n0 � 2,Lp � 20, and �� 0:95. The results are listed in Table 1, and
the results of SE, GESA, RRSA, and GEO reported by [21–23] are
also listed for comparison.

As the PSASM is terminated with a solution precision
jf�x� � f�x
�j � 0:0001, the PSASM can locate a near-optimal
solutionwith theNFEmuch less than the number of localminima.As

Table 1 Results for test function 1, best solution, 50 runs

Function value range SE [23] GESA [23] RRSA [22] GEO [21] SA PSASM

[1.0000, 1.0001] 66% 100% 100% 100% 100% 100%
[1.0024, 1.0026] 34% —— —— —— —— ——

Average NFE 800,000 800,000 92,254 164,070 57,452 5077

Table 2 Results of five trials using PSASM

Solution Run 1 Run 2 Run 3 Run 4 Run 5

x1 3.50001966 3.50004924 3.50000547 3.50019634 3.50000171
x2 0.70000331 0.70000984 0.70000001 0.70000007 0.70000033
x3 17 17 17 17 17
x4 7.30001163 7.30000465 7.30001127 7.30000452 7.30000644
x5 7.71532052 7.71616417 7.71534120 7.71539161 7.71532769
x6 3.35021714 3.35046639 3.35021476 3.35021676 3.35021590
x7 5.28665446 5.28665483 5.28667379 5.28671488 5.28665460
f�x� 2994.378443 2994.501795 2994.370088 2994.472965 2994.357835

Table 3 Results of speed reducer designa

Solution Rao [24] Li and Papalambros [25] Kuang et al. [26] Azarm and Li [27] MDO test suite Ray [28] Present

x1 3.5000000 3.5000000 3.6000000 3.5000000 3.5000000 3.50000002 3.50000171
x2 0.7000000 0.7000000 0.7000000 0.7000000 0.7000000 0.7000000 0.70000033
x3 17 17 17 17 17 17 17
x4 7.3000000 7.3000000 7.3000000 7.3000000 7.3000000 7.30000009 7.30000644
x5 7.3000000 7.7100000 7.8000000 7.7100000 7.3000000 7.80000000 7.71532769
x6 3.3500000 3.3500000 3.4000000 3.3500000 3.3502145 3.35021468 3.35021590
x7 5.2900000 5.2900000 5.0000000 5.2900000 5.2865176 5.28668325 5.28665460
g1 0.9260847 0.9260847 0.9003601 0.9260847 0.9260847 0.9260847 0.9260834
g2 0.8020015 0.8020015 0.7797237 0.8020015 0.8020015 0.8020015 0.8020003
g3 0.5009561 0.5009561 0.4721318 0.5009561 0.5008279 0.5008279 0.5008281
g4 0.0805668 0.0949185 0.1231443 0.0949185 0.0807793 0.0985283 0.0953563
g5 1.0001923 1.0001923 0.9567119 1.0001923 1.0000001 1.0000000 0.9999989
g6 0.9980266 0.9981029 1.1820609 0.9981029 1.0000002 1.0000000 0.9999999
g7 0.2975000 0.2975000 0.2975000 0.2975000 0.2975000 0.2975000 0.2975001
g8 1.0000000 1.0000000 0.9722222 1.0000000 1.0000000 1.0000000 0.99999998
g9 0.4166667 0.4166667 0.4285714 0.4166667 0.4166667 0.4166667 0.4166667
g10 0.94863014 0.94863014 0.95890411 0.94863014 0.94867419 0.94867413 0.94867366
g11 1.05739726 1.00116723 0.94871795 1.00116732 1.05687249 0.98914762 0.99999901
Objective 2987.29850 2996.30978 2876.11723 2996.30978 2985.15187 2996.23216 2994.35783

aBoldfaced type indicates the violated constraints.
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shown in Table 1, the PSASM clearly demonstrates better
performance than SE, GESA, RRSA, GEO and the SA. The PSASM
locates the near-optimal solution at probability 100%, and its
computational cost is the lowest, only 1=130� 1=10 of the other
algorithms.

Test Function 2 (Golinski’s Speed Reducer Problem)

Golinski’s speed reducer problem is one of the most well-studied
problems of the NASA Langley Multidisciplinary Design
Optimization (MDO) Test Suite. Many researchers, for example,
Rao [24], Li and Papalambros [25], Kuang et al. [26], Azarm and Li
[27], and Ray [28], have reported solutions of this problem.
However, all of the reported solutions other than Ray’s are not
feasible, including the one that appears in the MDO Test Suite itself.
This paper presents the best-known feasible solution obtained by the
PSASM. The mathematical model of Golinski’s speed reducer
problem can be found in [16,28]. Because the Golinski’s speed
reducer problem is constrained, a simple penalty function [16] is used
to handle constraints. The parameters of the PSASM are same as that
used in test function 1.

Results of five successive runs are presented in Table 2. The best
solution obtained by the PSASM is compared with other reported
results in Table 3. From Table 3, it is clear that the solutions reported
by Rao [24], Li and Papalambros [25], Kuang et al. [26], Azarm and
Li [27], and NASA are infeasible. Only Ray [28], obtained a feasible
solution using a swarm algorithm. The solution obtained by the
PSASM is better than Ray’s. Besides, Ray’s solution was located
after 70,000 function evaluations, while PSASM located its solution
after approximately 7,000 function evaluations, only one-tenth of the
former, clearly demonstrating the efficacy of PSASM.

Structural Optimization

In this example, the PSASM is applied to a 10-bar truss design
problem. This problemhas been used as one of the classical structural
optimization design problems to test different stochastic
optimization algorithms [22,29]. The mathematical model of this
problem is provided in [16].

This problem has been solved with 10 different seeds for the
random number generator. The parameters of the SA are
Kmax � 500, Ls � 200, and �� 0:95, and the parameters of the
PSASMareKmax � 500,Lp � 80,n0 � 2, and�� 0:95. The results
are summarized in Table 4. The results presented by Hajela and Yoo

[29], andMoh and Chiang [22] are also listed for comparison. Hajela
andYoo [29] solved this problemusing a genetic algorithm, andMoh
and Chiang [22] used an RRSA.

As can be seen in Table 4, the NFE in PSASM is generally higher
than that in GA and RRSA, but the optimization results found by the
PSASM are slightly better and more consistent. Besides, our penalty
function is the simplest. Again, the PSASM excels over the SA both
in solution quality and computational cost in solving this structural
optimization problem. One detailed optimization process of the
PSASM is presented in Table 5. From Table 5, we can find that even
for such a simple structural optimization problem, it is very difficult
to get an exact global solution. Even if the relative error of function
value is small (0.24%), it still could be a relative optimum (the
relative error of one variable is 37.90%). The PSASM consumes
20,000 function evaluations only to improve the function value by
0.44% (from 0.6% to 0.16%). Moh and Chiang [22] pointed out that
some variables such as x10 were so small that it hardly affected the
objective function, which might be the reason why an exact solution
was so difficult to locate. In Moh and Chiang’s study, they used an
augmented Lagrange method to deal with size constraints and
obtained solutions better than the results presented in this note.
However, their method is problem dependent.

It is shown that the PSASM performs efficiently in the
optimization of themathematical functions, but not so well in the 10-
bar truss problem, mainly because of the less-effective constraint
handling method. Future work will find more effective constraint
dealt methods for the PSASM.

Conclusions

An improved edition of hybrid simulated annealing and simplex
method algorithm, a parallel simulated annealing using simplex
method (PSASM), is proposed in this note. The PSASM was
evaluated in two functional problems and one 10-bar truss structural
design problem. and was compared with other popular stochastic
optimization algorithms. It is shown that PSASM performed
competitively when compared with other popular stochastic
optimization algorithms. However, it must be remembered that a best
optimization method does not exist [30], and it is not expected that
the PSASMwill work better than other methods for all problems. On
the other hand, other implementations for the PSASM should be
further examined to improve its performance, for example, the use of
other parallelization schemes and penalty functions.

Table 4 Results for 10-bar truss problem

Algorithm Objective function value NFE

Best Worst Average Standard deviation Best Worst Average Standard deviation

Hajela and Yoo [29] 1635 1725 1675 29.16 14,803 34,971 23,992 7527.8
Moh and Chiang [22] 1594.7 1606.5 1598.6 3.9918 22,982 28,528 24,899 1981.6
SA 1603.5 1666.1 1623.4 18.4273 65,268 75,096 70,283 3365.1
PSASM 1594.0 1602.5 1597.0 2.9369 43,295 46,951 45,968 1065.1

Table 5 Detailed optimization process of one typical test for 10-bar truss problem

x Exact solution NFE� 10; 000 NFE� 20; 000 NFE� 30; 000 NFE� 40; 000 NFE� 46; 552, final

solution error, % solution error, % solution error, % solution error, % solution error, %

x1 7.94 7.7297 �2:65 7.9346 �0:07 7.9394 �0:01 7.9329 �0:09 7:9351 �0:06
x2 0.10 0.4060 306.00 0.1785 78.50 0.1121 12.10 0.1129 12.90 0.1092 9.20
x3 8.06 8.5296 5.83 8.1117 0.64 8.1028 0.53 8.0871 0.34 8.0688 0.11
x4 3.94 3.7894 �3:82 3.9195 �0:52 3.9225 �0:44 3.9336 �0:16 3.9330 �0:18
x5 0.10 0.1683 68.30 0.1404 40.40 0.1006 0.60 0.1031 3.10 0.1020 2.00
x6 0.10 0.4084 308.40 0.1374 37.40 0.1214 21.40 0.1029 2.90 0.1003 0.30
x7 5.74 6.2399 8.71 5.8244 1.47 5.7763 0.63 5.7530 0.23 5.7527 0.22
x8 5.57 5.2659 �5:46 5.5495 �0:37 5.5504 �0:35 5.5627 �0:13 5.5625 �0:13
x9 5.57 5.2596 5.57 5.5515 �0:33 5.5518 �0:33 5.5846 0.26 5.5636 �0:11
x10 0.10 0.6498 549.80 0.1168 16.80 0.1379 37.90 0.1087 8.70 0.1116 11.60
f 1593.2 1643.7 3.17 1602.8 0.60 1597.1 0.24 1595.7 0.16 1594.0 0.05
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